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We show that two types of relativistic quasi-fermions can emerge from spontaneous gauge and
Lorentz violations of a chiral SU(2) model. In the terminology given in the previous paper, the
one consists of “quasi-leptons”, and the other consists of “quasi-quarks” which are massless and
have anisotropic dispersion relations characterized by constant vector potentials. A low energy
approximation shows that quasi fermions of the latter type are interpretable as collective excitations
of the BCS-type vacuum, the Cooper pairs of which form vector mesons. The same approximation
reproduces further a generation structure similar to that of real quarks.
PACS numbers: 12.10.-g, 12.38.-t, 74.20.-z, 11.30.Cp
I. INTRODUCTION
This is a sequel of the papers [1, 2] proposing to describe leptons and quarks by quasi excitations emergent from
spontaneous gauge and space-time symmetry violations. The model has been constructed by the discipline that it
should be based only on the fundamental principles still survivable even after excluding all the theoretical extensions
or additional hypotheses which have no inevitable necessities nor clear evidences. In the context of local gauge field
theories, this discipline leads us uniquely to a chiral SU(2) model in the following sense.
If the ultimate unified model of fermions exists, it has to generate all kinds of fermions from the least number of
spinor fields. In four dimensional space-time, the group theory tells us that those are the left- and right-handed Weyl
spinors. If they form one Dirac spinor, the model would not describe interactions other than the electromagnetism.
On the other hand, if a left-handed Weyl spinor and a charge conjugate of the right-handed Weyl spinor form a
left-handed doublet, then the SU(2) gauge interaction becomes allowable. This construction of a doublet would
be favorable also in view of the explanation for the baryon asymmetry of the Universe, which requires interactions
breaking the conservation of fermion number [3–5]. Due to the chiral anomaly, however, we could not further introduce
abelian gauge interactions. As the result, we come to the model with only a single chiral doublet and SU(2) gauge
interactions.
The first paper [1] shows that if SU(2) gauge bosons become massive, a quasi fermion doublet interpretable as
leptons actually emerges. Whereas this model seems to have also abilities to reproduce the structure of the standard
theory as well as the baryon asymmetry of the Universe, the fact that quasi-leptons emerge in a Lorentz-violating
phase of vacuum ought to raise several questions.
A serious one will be Lorentz invariance of the emergent theory. Though spontaneous Lorentz violation does
not break the invariance under Lorentz transformations with respect to an observer, violations of relativity would
possibly become manifest in the dispersion relation of an emergent quasi fermion. It is known, however, that if a
Lorentz-violating term in the Lagrangian has the same form as a constant electromagnetic potential, its magnitude
is not restricted by experimental constraints [6]. Accordingly, if the dispersion relation of a quasi fermion have the
“quasi-relatitistic” form
ω =
√
(p− δ)2 +m2 + δ0, (1)
the Lorentz-violating constant 4-vector δµ = (δ0, δ) will cause no physical effect and therefore the emergent theory
will be consistent with relativity, since δµ is absorbable by a suitable local phase transformation for an effective Dirac
field.
This paper first proves that our model generates two types of quasi fermions with quasi-relativistic dispersion
relations. The one is essentially identical with the quasi-lepton doublet given in the first paper, and the other is
composed of massless quasi fermions with anisotropic dispersion relations. We call here the second type of quasi
fermions “quasi-quarks”, since the first paper suggests that the quasi fermions with anisotropic dispersion relations
may be interpretable as quarks, though the emergence of them had not been confirmed.
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2We next verify the emergence of quasi-quarks by simplifying our model in two ways. One is performed by eliminating
non-abelian gauge interactions, and using a perturbative method. The other is by replacing further the SU(2) massive
gauge interactions with four-fermion interactions, and using a variational method.
The result from the first method shows that quasi-quarks are interpretable as collective excitations of the BCS-type
vacuum [7], the Cooper pairs of which constitute vector mesons. Then, we next try to reconstruct in turn quasi quarks
from a trial vacuum composed of vectorial Cooper pairs with arbitrary coefficients. Two types of vacua are examined;
one is constituted of Cooper pairs of vector meson type: |VM〉, and the other is of vector-dion type: |VD〉. We find
that quasi-relativistic quasi-quarks are emergent only on the vacuum |VM〉, except for one singular situation.
We see that the four-fermion approximation can reproduce also the generation structure similar to that of quarks,
since the extremum condition derived by the variational method generally allows several solutions. In our case, it
gives maximally three quasi-quark generations. The dispersion relations are quasi relativistic for all generations.
Quasi fermions emergent from spontaneous gauge and Lorentz violations are not necessarily quasi-relativistic. We
show this fact by constructing quasi fermions from the |VD〉 vacuum. Though they may not be interesting in view
of Lorentz invariance, they exhibit a kind of mixing phenomenon, and may give some insights into phenomena of
neutrino and quark mixings.
II. QUASI-RELATIVISTIC QUASI-FERMIONS
The first paper [1] assumes that quasi fermions emergent from gauge and Lorentz violations obey the following
equation of motion
(σ¯µi∂µ − M¯)Ψ = 0, M¯ = σ¯µ ρa
2
maµ, (2)
where the vacuum expectation values of SU(2) gauge potentials are expected to be the origin of M¯ . If they have
quasi-relativistic dispersion relations (1), the identity:
|σ¯ · p− M¯ | = [(p− δ1)2 −m21] [(p− δ2)2 −m22] , (3)
should hold with respect to 4-momentum pµ, where mµa = (0,ma) for a = 1, 2, 3 and δ
µ
i = (δ
0
i , δi) are constant
4-vectors for i = 1, 2. From the coefficients of p30 and p
2
0 of (3) follow δ
µ
1 = −δµ2 = δµ and
3l2m/4 = (δ
0)2 + δ2 + (m21 +m
2
2)/2, (4)
where lm is the mean root square of the edges of the parallelepiped formed with ma. The coefficient of p0 requires
for the volume of the parallelepiped Vm,
Vm = 2δ0[m
2
2 −m21 + 4p · δ], (5)
from which follows δ = 0 or δ0 = 0, since Vm is independent of p. From the remaining terms follow three conditions:∑
a(ep ·ma)2 = 4
[
(δ0)2 + (ep · δ)2
]
,
(m21 −m22)ep · δ = 0,
(3l2m/4)
2 − 3S2m/4 = (m21 − δ2)(m22 − δ2),
(6)
where ep = p/|p|, and Sm is the root mean square of the faces of the parallelepiped.
In the first case: δ = 0, the first condition of (6) requires ma = mea and δ
0 = m/2, where m is a constant and
ea form some orthonormal basis. Then we have l
2
m = m
2, S2m = m
4 and Vm = m
3. From the conditions (4) and (5)
follow m1 = 0 and m2 = m. Other conditions are automatically satisfied. Accordingly, we obtain
M¯ =
m
2
ρ ·O · σ, p0 =
{ ±|p|+m/2,
±
√
p2 +m2 −m/2, (7)
where O is an element of SO(3). The choice O = 1 reduces (7) to the form of a quasi-lepton doublet given in [1].
In the second case: δ0 = 0, on the other hand, from the second condition of (6) follows m21 = m
2
2 = m
2. Then from
(4) and the third condition of (6) follows Sm = 0, which implies that three vectors ma have the same direction. Taking
the first condition of (6) into account, we obtain ma = 2aδ with some unit iso-vector , which gives 3l
2
m/4 = δ
2, and
therefore the masses of quasi-fermions vanish. As the result, we obtain
M¯ = ρ · σ · δ, p0 =
{ ±|p− δ|,
±|p+ δ|, (8)
which belongs to the “quasi-quark” doublets considered in [1].
3III. QUASI QUARKS
A. Perturbative method
We prove in this section that quasi-quarks with the properties (8) are actually emergent from either of the two
simplified versions of our model. The Lagrangian of the one version consists of a chiral doublet with global SU(2)
symmery:
L = LΨ + LA − jµ ·Aµ, (9)
LΨ = Ψ†σ¯µi∂µΨ, LA = − 14F µν · Fµν + 12m2AAµ ·Aµ, (10)
jµ = gΨ†σ¯µ ρ2 Ψ, Ψ =
(
ϕ1
ϕ2
)
, σ¯µ = (1,−σ), (11)
where ϕ1 and ϕ2 are left-handed Weyl spinors and F
µν contains no non-abelian part. We first divide the Lagrangian
(9) into a free part L0 = LΨ + LA − Ψ†M¯Ψ and an interaction part L′ = L − L0. Then the SU(2) current (11)
develops a vacuum expectation value
〈jµa 〉 = −Trgσ¯µ
ρa
2
S(0),
(
S(0) =
∫
d4p
(2pi)4
i
σ¯ · p− M¯
)
, (12)
which in turn generates an extra self-enegy Σ for a chiral doublet:
Σ = gσ¯µ
ρa
2
〈jµa 〉
m2A
. (13)
If mµa = 2aδ
µ satisfies the self consistency condition Σ− M¯ = 0, then quasi-quarks can be emergent. In this case, we
find S(0) = −ΓQM with
M = σµ
ρa
2
maµ = ρ · σ · δ, σµ = (1,σ), ΓQ = k1
2
− δ
2
60pi2
, k1 =
∫
d4p
(2pi)4
i
p2 + i
, (14)
as shown in the Appendix. The self consistency condition reduces to g2ΓQ/m
2
A = 1, from which we obtain
|δ|
mA
=
2pi
√
15
g
√
ξ2 − 1,
(
ξ =
√
g2k1
2m2A
=
gΛ
4pimA
)
, (15)
where Λ is a 3-momemtum cut off. Then quasi-quarks can be emergent for ξ > 1.
We can further reinterpret these quasi-quarks as collective excitations of the vacuum |VM〉. For that purpose, we
introduce annihilation operators q1p and q2p for quasi-quarks with energies ωp− = |p − δ| and ωp+ = |p − δ|, while
q¯1p and q¯2p for quasi-anti-quarks with energies ωp+ and ωp−, respectively. Expressing the Schro¨dinger representation
of Ψ in terms of quasi-quark operators, we have
Ψ(x) =
∑
p
[
q1pχ+ϕp−δL + q¯
†
1−pχ+ϕp−δR
q2pχ−ϕp+δL + q¯
†
2−pχ−ϕp+δR
]
eip·x√
V
, (16)
where ρ · χ± = ±χ±, while ϕkR and ϕkL denote the left-handed and the right-handed helicity eigenstates with
respect to momentum k, respectively.
If the annihilation operators for primary fermions: apL, bpL, apR, bpR are defined by
ϕ1(x) =
∑
p(apLϕpL + b
†
−pRϕpR)
eip·x√
V
, ϕ2(x) =
∑
p(bpLϕpL + a
†
−pRϕpR)
eip·x√
V
, (17)
the comparison between (16) and (17) gives{
q1p = α1pa
′
pL + β1pb
′†
−pR
q2p = α2pb
′
pL + β2pa
′†
−pR
,
{
q¯1p = α1−pb′pR − β1−pa′†−pL
q¯2p = α2−pa′pR − β2−pb′†−pL
, (18)
4where
a′pL = χ
†
+
(
apL
bpL
)
, b′pL = χ
†
−
(
apL
bpL
)
,
b′†−pR = χ
†
+
(
b†−pR
a†−pR
)
, a′†−pR = χ
†
−
(
b†−pR
a†−pR
)
,
(19)
{
α1p = ϕ
†
p−δLϕpL,
β1p = ϕ
†
p−δLϕpR,
{
α2p = ϕ
†
p+δRϕpL,
β2p = ϕ
†
p+δRϕpR.
(20)
The complex coefficients αip and βip satisfy the conditions
|αip|2 + |βip|2 = 1, (i = 1, 2). (21)
Then we see that quasi-quark operators (qip, q¯ip) annihilate the vacuum:
|VM〉 =
∏
p
(
α1p + β1p(a
′
pLb
′
−pR)
†) (α2p + β2p(b′pLa′−pR)†) |0〉, (22)
which implies that the quasi-quarks are collective excitations of the vacuum |VM〉.
B. Variational method
We next consider as the second approximation the following Hamiltonian with the four-fermion interactions:
H =
∫
d3x
[
Ψ†iσ ·∇Ψ +KVΨ†σ¯µ ρa
2
ΨΨ†σ¯µ
ρa
2
Ψ
]
, (23)
where the constant K with mass dimension one is defined by K = g2/2m2AV . We seek for the ground state of (23) by
the variational method. A trial wave function is prepared by regarding the coefficients αip and βip in (22) as arbitrary
parameters satisfying the conditions (21). Expressed in terms of 2-spinors, (23) is rewritten by H = H +H ′, where
H0 =
∫
d3x
[
ϕ†1iσ ·∇ϕ1 + ϕ†2iσ ·∇ϕ2
]
,
H ′ =
∫
d3x
[
1
2
(
ϕ†1σ¯
µϕ2ϕ
†
2σ¯µϕ1 + ϕ
†
2σ¯
µϕ1ϕ
†
1σ¯µϕ2
)
+
1
4
(
ϕ†1σ¯
µϕ1 − ϕ†2σ¯µϕ2
)(
ϕ†1σ¯µϕ1 − ϕ†2σ¯µϕ2
)]
.
(24)
The left-handed Weyl spinors ϕ1 and ϕ2 are also understood as time-independent Schro¨dinger operators. Instead of
(17), we take another phase convention:
ϕ1(x) =
∑
p(apLe
ip·x + b†pRe
−ip·x)
ϕpL√
V
, ϕ2(x) =
∑
p(bpLe
ip·x + a†pRe
−ip·x)
ϕpL√
V
, (25)
and assume further a′pL = apL, b
′
pL = bpL, a
′
pR = apR, b
′
pR = bpR,  = (0, 0, 1), for simplicity. Then the energy of the
vacuum W = 〈VM|H|VM〉 is estimated as
W =
∑
p
2|p|(|β1p|2 + |β2p|2)
+K
∑
p,q

−3/2
−2ep · eq(|β1p|2|β1q|2 + |β2p|2|β2q|2 + |β1p|2|β2q|2)
−iep · e+q |β1p|2(2α1qβ∗1q + 2α∗1−qβ1−q + α2qβ∗2q + α∗2−qβ2−q)
−iep · e+q |β2p|2(α1qβ∗1q + α∗1−qβ1−q + 2α2qβ∗2q + 2α∗2−qβ2−q)
+ 12e
+
p · e+q

(α1pβ
∗
1p + α
∗
1−pβ1−p)(α1qβ
∗
1q + α
∗
1−qβ1−q)
+(α2pβ
∗
2p + α
∗
2−pβ2−p)(α2qβ
∗
2q + α
∗
2−qβ2−q)
+(α1pβ
∗
1p + α
∗
1−pβ1−p)(α2qβ
∗
2q + α
∗
2−qβ2−q)


,
(26)
where e±p = e
1
p ± ie2p and ep = e3p in terms of the orthonormal basis vectors eap. The explicit representations of eap
are given by 
e1p = (− sinφ, cosφ, 0),
e2p = (− cos θ cosφ, − cos θ sinφ, sin θ),
e3p = (sin θ cosφ, sin θ sinφ, cos θ),
(27)
5where (θ, φ) are the polar coordinates of momentum p. The terms |αip|2 have been eliminated from (26) by using the
constraints (21).
In order to find the ground state of the system, we minimize W with respect to the coefficients αip, βip, α
∗
ip and
β∗ip under the constraints (21). Introducing Lagrange multipliers λi, we have a variational equation
δ
(
W −
2∑
i=1
∑
p
λip
(|αip|2 + |βip|2 − 1)) = 0, (28)
which can be written in the form 
∂W
∂α∗ip
= Aipαip +Bipβip = λipαip,
∂W
∂β∗ip
= Cipαip +Dipβip = λipβip.
(29)
Variations with respect to αip and βip lead no new equations. Since Aip = 0, Cip = B
∗
ip, and that Dip are real and
contain an additive term 2|p|, we can introduce new parameters mip and δip by
mip = −Cip, δip = −|p|+Dip/2. (30)
The mass parameters mip are complex and the potential parameters δip are real. They depend on the direction of
momentum p, but not on the magnitude |p|.
The Lagrange multipliers λip should be solutions of the eigen-equation:∣∣∣∣ −λip −m∗ip−mip 2(|p|+ δip)− λip
∣∣∣∣ = 0, (31)
and we find two solutions
λip = |p|+ δip ± ωip, ωip =
√
(|p|+ δip)2 + |mip|2. (32)
The introduction of mip and δip rewrites the coefficients αip and βip as
αip =
√
1
2
(
1∓ |p|+ δip
ωip
)
, βip = ∓ mip|mip|
√
1
2
(
1± |p|+ δip
ωip
)
, (33)
in the phase convention: α∗ip = αip. The selection of the lower signs in (33) minimizes W , since otherwise |βip| → 1
when |p| → ∞, which implies that high-momentum fermions would dominate the vacuum energy (26).
The equations (29) then give the self consistency equations for mip and δip :
m1p = K
∑
p
ie+p · eq
(
2|β1q|2 + |β2q|2
)
− 12e+p · e+q
(
2α1qβ
∗
1q + 2α
∗
1−qβ1−q + α2qβ
∗
2q + α
∗
2−qβ2−q
)
,
δ1p = K
∑
p
−ep · eq
(
2|β1q|2 + |β2q|2
)
− i2ep · e+q
(
2α1qβ
∗
1q + 2α
∗
1−qβ1−q + α2qβ
∗
2q + α
∗
2−qβ2−q
)
,
(34)

m2p = K
∑
p
ie+p · eq
(|β1q|2 + 2|β2q|2)
− 12e+p · e+q
(
α1qβ
∗
1q + α
∗
1−qβ1−q + 2α2qβ
∗
2q + 2α
∗
2−qβ2−q
)
,
δ2p = K
∑
p
−ep · eq
(|β1q|2 + 2|β2q|2)
− i2ep · e+q
(
α1qβ
∗
1q + α
∗
1−qβ1−q + 2α2qβ
∗
2q + 2α
∗
2−qβ2−q
)
.
(35)
We see from (34) and (35) that mip and δip are expressible in the forms : mip = ie
+
p ·mi and δip = ep · δi, where mi
and δi are real constant 3-vectors. Then we further see that mi = −δi, and consequently, ωip = |p+ δi| hold.
6TABLE I: The number of generations G for quasi quarks
ξ 0
√
2/3
√
2
√
8/3 +∞
G 0 1 2 3
The self consistency equations for two constant vector potentials δi are reduced to
δ1 = K
∑
q
q + δ1
|q + δ1| +
1
2
q + δ2
|q + δ2| ,
δ2 = K
∑
q
1
2
q + δ1
|q + δ1| +
q + δ2
|q + δ2| .
(36)
The Lorentz covariant estimation (A6) gives
K
∑
q
q + δ
|q + δ| = ξ
2δ
(
1− 4δ
2
15Λ2
)
. (37)
The form of equations (36) show that two vector potentials δi are collinear and expressible in the form δi = δie with
the help of the unit vector e in the common direction. Adding and subtracting two equations of (36) we have the
equations for δi:  (δ1 + δ2)
[
2
3ξ2 − 1 + 415Λ2 (δ21 − δ1δ2 + δ22)
]
= 0,
(δ1 − δ2)
[
2
ξ2 − 1 + 415Λ2 (δ21 + δ1δ2 + δ22)
]
= 0.
(38)
The multitude of solutions for the algebraic equations (38) depends on the magnitude of ξ. These are
G1 : δ1 = δ2 = ± 2pi
√
15
g mA
√
ξ2 − 2/3,
G2 : δ1 = −δ2 = ± 2pi
√
15
g mA
√
ξ2 − 2,
G3 : (δ1, δ2) or (δ2, δ1) =
(
±pi
√
15
g mA(2ξ +
√
ξ2 − 8/3),∓pi
√
5
g mA(2ξ −
√
ξ2 − 8/3)
)
.
(39)
The number of generations increases with increasing ξ as shown in Table I. We have not counted the solutions obtained
by reversing the signs or interchanging the names of δi as independent. The maximum number of generations is 3, or
equivalently, the maximum quasi-quark flavors are 6.
The matrix elements of the Hamiltonian with respect to the one-quasi-quark states are calculated as
〈qaHq†b〉 =

|p+ δ1| 0 0 0
0 |p+ δ2| 0 0
0 0 |p− δ1| 0
0 0 0 |p− δ2|
 , (40)
where qa runs over q1p, q2p, q¯1p, and q¯2p, which shows that the one-particle states q
†
ip|VM〉 are actually the one-
particle energy eigenstates of the Hamiltonian, which will contrast to the result of the next section. Each expression
of energies is quasi relativistic, with the intrinsic mass m = 0 and with the scalar (time-like) potential δ0 = 0.
IV. QUASI QUARKS OF TYPE VD
What happens when we construct quasi-fermions from the vacuum with the Cooper pairs forming vector di-ons:
|VD〉 =
∏
p
[(
α1p + β1p(apLa−pR)†
) (
α2p + β2p(bpLb−pR)†
)] |0〉, (41)
7will possibly be a question worth examined in view of Lorentz invariance of the emergent theory. The annihilation
operators of quasi fermions are, in this case, definable in the form{
q1p = α1papL + β1pa
†
−pR,
q2p = α2pbpL + β2pb
†
−pR,
{
q¯1p = α1−papR − β1−pa†−pL,
q¯2p = α2−pbpR − β2−pb†−pL,
(42)
which annihilate |VD〉, and obey the ordinary anti-commutation rules. The energy of the vacuum |VD〉: W =
〈VD|H|VD〉 is estimated as
W =
∑
p
2|p|(|β1p|2 + |β2p|2)
+K
∑
p,q
 −3/2+ 12 (1− 3ep · eq)(|β1p|2 − |β2−p|2)(|β1q|2 − |β2−q|2)
− 12e+p · e−q (α1pβ∗1p + α∗2−pβ2−p)(α∗1qβ1q + α2−qβ∗2−q)
 . (43)
The variational equations (29) then give the self consistency equations for mip and δip:
m1p = K
∑
p
1
2e
+
p · e−q
(
α∗1qβ1q + α2−qβ
∗
2−q
)
,
δ1p = K
∑
p
1
2 (1− 3ep · eq)
(|β1q|2 − |β2−q|2) , (44)

m2p = K
∑
p
− 12e+p · e+q
(
α1qβ
∗
1q + α
∗
2−qβ2−q
)
,
δ2p = K
∑
p
− 12 (1 + 3ep · eq)
(|β1q|2 − |β2−q|2) . (45)
In contrast to the previous case, we find m2p = m
∗
1−p, δ2p = −δ1−p, and further that mip and δip are expressible as{
m1p = e
+
p ·m,
δ1p = δ0 + ep · δ,
{
m2p = −e+p ·m,
δ2p = −δ0 + ep · δ,
(46)
where two vectors m, δ, and a scalar δ0 are real and constant. Then (44) and (45) give the self consistency equations
m =
K
2
∑
q
e−q
(
α∗1qβ1q + α2−qβ
∗
2−q
)
, (47a)
δ = −3
2
K
∑
q
eq
(|β1q|2 − |β2−q|2) . (47b)
δ0 =
K
2
∑
q
(|β1q|2 − |β2−q|2) . (47c)
We see that quasi fermions of type VD are generally not quasi relativistic. In order for that, we should impose
the conditions m = ±δ with δ0 = 0 in contrast to the case of type VM. At first sight, the case m = δ = 0 with
δ0 6= 0 would give also quasi relativistic fermions, but this is not true, since then the dispersion relation would be
ω = ||p| ± δ0|, which does not belong to the class (1). In addition, it is confirmed that this case is inconsistent with
(47c), since then the right hand side has the opposite sign to the left.
We proceed to examine the self consistency equations (47a) and (47b) with assuming δ0 = 0, but without m = ±δ.
Then we have
m =
K
2
∑
q
m− eq(eq ·m)
ωq
, (48a)
δ =
3
2
K
∑
q
q + eq(eq · δ)
ωq
, (48b)
8where ωq =
√
(|q|+ eq · δ)2 + |e+q ·m|2. The mass vector m and the vector potential δ are now not necessarily
collinear, in contrast to the case VM again. We further assume m × δ = 0, and introduce the scalar parameters
(m, δ) by m = me and δ = δe with the help of an appropriate unit vector e. Since the equations (48a) and (48b) are
invariant under the reflections m↔ −m and/or δ ↔ −δ, we henceforth assume m > 0 and δ > 0 for simplicity.
The momentum summations are analytically estimable, though their Lorentz covariant forms can not be found.
Introducing dimensionless parameters x = m/Λ and y = δ/Λ, we have for (48a) and (48b),{
m = mξ2F (x, y),
δ = δξ2G(x, y),
(49)
where
F (x, y) =

2
15
(y2 − 2w2) ln y
2 − w2
1− w2 +
4
15
− 1
5w2
+ y2(− 4
15
− 2
15w2
+
3
5w4
)
+
{
1
3
+
1
5w2
+ y2(
1
3w2
− 3
5w4
)
}
1
2w
ln
1 + w
1− w, (y ≤ 1),
y(− 1
3w2
+
3
5w4
) +
{
1
3
+
1
5w2
+ y2(
1
3w2
− 3
5w4
)
}
1
2w
ln
1 + w/y
1− w/y , (y > 1).
(50)
and
G(x, y) =

−2
5
(y2 − w2) ln y
2 − w2
1− w2 −
2
5
+
9
5w2
+ y2(
2
5
+
2
5w2
− 9
5w4
)
+
{
1− 9
5w2
+ y2(− 1
w2
+
9
5w4
)
}
1
2w
ln
1 + w
1− w, (y ≤ 1),
6
5w2y
+ y(
1
w2
− 9
5w4
) +
{
1− 9
5w2
+ y2(− 1
w2
+
9
5w4
)
}
1
2w
ln
1 + w/y
1− w/y , (y > 1),
(51)
with w =
√
y2 − x2. The values of functions F and G for x > y are obtainable by the analytic continuation without
any ambiguity.
The non-trivial solutions for (49) are classified into two singular cases; S1: m 6= 0 with δ = 0, S2: m = 0 with
δ 6= 0, and one regular case RG: m 6= 0 with δ 6= 0. The self consistency equation for the case S1 reads
ξ−2 = F (x, 0) =
4
15
{
1− x2 ln(1 + 1
x2
)
}
+
1
5x2
+ (
1
3x
− 1
5x3
) arcsin
x√
x2 + 1
. (52)
The function F (x, 0) is monotonically decreasing and F (0, 0) = 2/3. Then (52) has one solution for ξ >
√
3/2.
The self consistency equation for the case S2 reads
ξ−2 = G(0, y) =

2
5
y2 (y ≤ 1),
1
y
− 3
5y3
(y > 1).
(53)
The function G(0, y) is monotonically increasing for y < 1, decreasing for y > 1, and attains its maximum 2/5 at
y = 1. Then (53) has two solutions for ξ >
√
5/2.
The solutions for the remaining case RG will be difficult to find without any computer software, which shows no
solution for ξ < ξ1 ' 1.486, two solutions for ξ1 < ξ < ξ2 ' 1.802 and one solution for ξ2 < ξ as seen from Fig.1.
Table II summarizes the total number of generations for the quasi quarks of type VD.
The quasi quarks of type VD are generally not quasi relativistic. The quasi relativistic quarks emerge only when
ξ = ξQR ' 1.55 with x = y ' 0.9115. Table II shows that ξQR lies in the region of 5 generations. Fig.1 indicates,
however, that even in this case, only one generation can be quasi relativistic.
The matrix elements of the Hamiltonian between one-quasi-quark states of type VD have the following form
〈qaHq†b〉VD =

ωp iγp 0 0
−iγp ωp 0 0
0 0 ω¯p iγ¯p
0 0 −iγ¯p ω¯p
 , (54)
9FIG. 1: The graphical representation of the regular solutions for quasi-quarks of type VD. F1,2,3 and G1,2,3 denote the curves
F (x, y) = ξ−2 and G(x, y) = ξ−2 with varying ξ, respectively. F1 and G1 are at ξ = 1.486, F2 and G2 are at ξ = 1.55, and F3
and G3 are at ξ = 1.802. The curve F (x, y) = G(x, y) shows the mass-potential correlation. QR is the quasi relativistic point.
TABLE II: The number of generations G for quasi quarks of type VD
ξ 0
√
3/2 ξ1
√
5/2 ξ2 +∞
G 0 1 3 5 4
where ω¯p = ω−p, γ¯p = γ−p and
γp =
m · (p+ δ)
ωp
. (55)
One remarkable feature for quasi quarks of type VD is that they are not in energy eigenstates. The off diagonal
elements γp and γ¯p in (54) seem to generate phenomena similar to the quark mixings [8–10] and the neutral meson
oscillations [11]. The energy eigenstates |Q+p 〉 = (|q1p〉) − i|q2p〉)/
√
2 and |Q−p 〉 = (−i|q1p〉 + |q2p〉)/
√
2 have energy
eigenvalues ωp ± γp. The mixing angle between q1 and q2 quasi-quarks is therefore pi/4, and they oscillate with the
probability
|〈q2p|q1p(t)〉|2 = sin2 γpt. (56)
In contrast to the real observations, however, mixings and oscillations occur in the same doublet, and γp is generally
of the same order of the quark mass parameter, which could make the frequency of oscillation very high. Though
the properties of quasi quarks of type VD are not suitable for describing real phenomena, the mixing phenomenon by
spontaneous space-time symmetry violation may shed some light on the quark or neutrino mixings.
Incidentally, the analysis in this section does not necessarily prove the emergence of non-relativistic quasi fermions
in our model. In order for that, the vacuum |VD〉 should be, at least, local minimum in the whole configuration
space of the vacuum, and further energetically more favorable than |VM〉. Even for that case, it would be unclear
whether the non-relativistic quasi fermions in confinement phase immediately contradict to Lorentz symmetry, until
the relativistic dispersion relation of a single quark can be experimentally confirmed.
V. SUMMARY
We have shown in this paper that a unified picture of fermions, in which the vacuum expectation values of SU(2)
potentials are assumed to give a mass term to a chiral doublet, allows two and only two types of quasi-relativistic
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quasi-fermions. This distinction seems to reflect that between leptons and quarks in reality.
New quasi-fermion doublets are massless and anisotropic particles which have constant vector potentials in disper-
sion relations. They seem to qualify for the name “quasi-quarks”, since the first paper suggests that the anisotropy
may be the origin of color degrees of freedom.
Quasi-quarks in a doublet derived by a perturbative method have vector potentials with the same magnitude and
opposite signs, while those by a variational method can have potentials with different magnitudes.
The variational method also reproduces a generation structure similar to that of real quarks. While the perturbative
method derives only one generation, the variational method can derive maximally three generations.
The validity of the analysis based on a four fermion approximation of the original theory (23) seems to restrict the
energy scale to be lower than mA. If this upper limit applies to the cutoff scale Λ, then ξ should be nearly less than
1/20. However, we have seen that quasi quarks require larger values, ξ ' 1, which may give rise to a question for the
validity of the results obtained here. We have seen in the first paper that the quasi leptons require ξ > 1. Therefore,
the value ξ ' 1 required for quasi quarks seems to indicate the characteristics of the original theory, not influenced
by the four fermion approximation.
The aim of this paper is simply to demonstrate the emergence of a special type of quasi-fermions, which are expected
but not proved in the first paper for the quasi-fermion representation of quarks. To discuss on the equivalence between
quasi-quarks and the quarks in QCD [12], and to strengthen such a view by providing with more arguments or evidences
are not within the scope of this paper. For that purpose, many problems remain yet to be solved.
Appendix A: Lorentz covariant estimation of a divergent integral
The estimation of divergent integrals have some subtleties and the results depend on the ways of estimation. For
example, the Lorentz covariant estimation of a quadratically divergent integral∫
d4p
(2pi)4
i
pµpν
(p2 + i)2
, (A1)
gives gµνk1/4, while estimating it by doing the time-like integration first gives (g
µν + 2gµ0gν0)k1/6. Accordingly, the
Lorentz covariant estimation of S(0) in (12) requires some cautions. We first simplify S(0) by a unitary transformation
Uρ · U−1 = ρ3:
US(0)U
−1
 =
1 + ρ3
2
s−(0) +
1− ρ3
2
s+(0), s±(0) =
∫
d4p
(2pi)4
i
σ¯ · (p± δ) = σ · I± (A2)
where
Iµ± =
∫
d4p
(2pi)4
i
pµ ± δµ
(p± δ)2 . (A3)
The Taylor expansion of (A3) with respect to δµ gives
Iµ± = ±
∫
d4p
(2pi)4
i
[
gµν
p2 + i
− 2 p
µpν
(p2 + i)2
]
δν +O(δ3) = ±k1δµ/2 +O(δ3), (A4)
in the Lorentz covariant estimation, while doing the time-like integration first gives
I± =
1
2
∫
d3p
(2pi)3
p± δ
|p± δ| = ±δ
[
2k1
3
− δ
2
60pi2
]
. (A5)
Therefore, we obtain
I
(LCE)
± = ±δ
[
k1
2
− δ
2
60pi2
]
, (A6)
in the Lorentz covariant estimation, since the O(δ3) part is finite and independent of the ways of estimation. Conse-
quently, we have
US(0)U
−1
 = ρ3s−(0), s±(0) = ±σ · δ
[
k1
2
+
δ · δ
60pi2
]
. (A7)
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Finally, the inverse transformation of (A2) gives the result (14).
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